The stability of three static and spherically symmetric black hole solutions with nonlinear electromagnetism as a source is investigated in three different ways. We show that the specific heat of all the solutions displays an infinite discontinuity with a change of sign , but the turning point method indicates that the solutions are thermodinamically stable (much in the same way as is the case of the Reissner-Nordstrom geometry). We also show that the black holes analyzed here are dynamically stable, thus suggesting that there may be a relation between thermodynamical and dynamical stability for nonvacuum black holes.
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I. INTRODUCTION
The stability of black hole solutions can be analyzed from different points of view. First, since black holes have been considered as thermodynamical systems after the papers by Bekenstein (who postulated the relation between the area of the horizon and the entropy) [7] , and Hawking (who showed that they posses a nonzero temperature, due to Hawking radiation) [25] , one can wonder about their thermodynamical stability. In this regard, Davies [14] demonstrated that the specific heat (at constant charge or angular momentum) of the Kerr-Newman black hole presents an infinite discontinuity along which it changes sign (while the Gibbs free energy and its first derivative are continuous), and associated this discontinuity to an instability stating that it would lead to a second-order phase transition. The thermodynamical stability of black holes can also be studied using the so-called Poincarè (or turning point) method [36] , which asserts that changes in stability of a series of equilibrium states can only occur when there is a vertical tangent in the plot of conjugate pairs of variables (such as mass and the inverse temperature, in the case of a black hole), or when there is a bifurcation. Using this method, isolated black hole solutions in General Relativity have been shown to be thermodynamically stable in [27, 29] , a result that is at odds with the findings of Davies [39] .
Second, several analyses of the stability of black holes from a dynamical point of view have yield the result that black hole solutions of General Relativity in four dimensions are stable at the linear level. In the case of Schwarzschild's solution, the stability was proven by Regge and Wheeler [54] , while that of the Reissner-Nordstrom (RN) geometry was shown in [33, 34] . The proof of the stability of Kerr's solution was given in [62] .
The relation between thermodynamical and dynamical stability was recently discussed in [26] (see also [22, 56] ). In particular, it was shown there that for vacuum black holes in General Relativity dynamical stability is equivalent to thermodynamic stability, for perturbations with δM = δJ = δA = 0. Hence, a turning point implies in this case a dynamic instability. We would like to take here one step further in the understanding of the relation between these different types of stability by exploring in detail some exact solutions representing nonvacuum black holes in General Relativity. In particular, we will focus on static and spherically symmetric charged black holes with nonlinear electromagnetism as a source. These solutions, which generalize the RN geometry, have received considerable attention recently. The Born-Infeld-Einstein static and spherically symmetric (SSS) spacetime was presented in [10, 21] , and its thermodynamical properties analyzed in [13, 23] . A regular black hole geometry in the presence of a nonlinear electromagnetic field which reduces to that of Maxwell in the weak-field limit was obtained in [3] using the dual formalism introduced in [55] , and further discussed in [5] and [12] . The SSS black hole with the Euler-Heisenberg effective Lagrangian of quantum electrodynamics as a source was examined in [63] , and the same type of solutions with Lagrangian densities that are powers of Maxwell's Lagrangian were analyzed in [24] . Also worth mentioning are the general analysis of [15, 16] , the examination of the thermodynamics of black holes with an arbitrary nonlinear Lagrangian for the electromagnetic field in [53] and of the Smarr formula in [11] , and the enhanced no-hair conjecture presented in [20] . To close this incomplete list, we would like to point to the references [35] and [9] , where the dynamical stability of SSS black holes with a nonlinear electromagnetic source was examined, and [19] , where a study of the quasinormal modes of neutral and charged scalar field perturbations on regular nonlinear electromagnetic black hole backgrounds was presented.
Our main goal is to compare the results of the three abovementioned ways of determining the stability in the case of SSS black holes with NLEM as a source. We shall consider both singular and regular solutions. In particular, we shall see that in all cases there is a discontinuity in the specific heat of the kind present in the RN solution, but no sign of instability according to the Poincarè method. As a byproduct, we will exhibit several expressions valid for any static and spherically symmetric charged black hole, and a study of the position of the horizons in the exact solutions under scrutiny.
II. BACKGROUND
Several equations that follow from the assumed symmetries of the problem will be deduced in this section. The action for the gravitational and the electromagnetic field is given by (the notation used in this paper agrees with that in [12] )
where R is the scalar curvature, F µν ≡ ∂ µ A ν − ∂ ν A µ is the electromagnetic field tensor, and L is an arbitrary function of F ≡ F µν F µν . The equations of motion that follow from Eqn. (1) are
where the subindex F means derivative w.r.t. F , * F µν is the dual of F µν , and
and Eqns. (2), it follows that γ = −λ. Hence we adopt the notation
Einstein's equations also yield
where k is an integration constant. The electromagnetic tensor compatible with spherical symmetry has two nonzero components (F 01 = −F 10 and F 23 = −F 32 ), corresponding to the radial electric and magnetic fields. In each case, it follows from Eqns.(3) that
where Q e and Q m are the electric and magnetic charges, respectively. With the definitions
the energy-momentum tensor can be written as
It follows that T . The conservation of the energy-momentum tensor, ∇ µ T µν = 0, yields
where a prime denotes the derivative wrt r. Combining the previous equation with R = T = 2T
These expressions will be used in the forthcoming sections, as well as in the calculation of the specific heat for an SSS black hole with a nonlinear electromagnetic field as a source, which we present next. The thermal capacities of a black hole are given by
where X is a set of parameters that are being held constant, κ is the surface gravity, and A the area, and all the functions are evaluated at the horizon radius r h . The usual way to calculate C X involves the use of the Smarr formula [14] . Since in the case of black holes with a nonlinear electromagnetic source this formula is no longer valid [11, 53] , we shall follow a different route. For SSS black holes, the surface gravity κ is given by κ = 1 2 dg00 dr r h . Taking into account that g 00 = 1 − 2M(r)/r, and M(r) is given by Eqn. (5), it follows that
an expression which agrees with the one obtained in [61] . The specific heat at constant charge, defined by
can be calculated using
with κ = κ(r h ) given by Eqn. (10), A = 4πr 2 h , and r h = r h (M, Q), and M and Q are the total mass and charge of the black hole [40] . A straightforward calculation (which is independent of the value of the integration constant k in Eqn. (5)) yields
where a prime denotes the derivative with respect to the radial coordinate. This expression is actually valid for any charged SSS black hole, and it reduces to the well-known formula for the case of the RN black hole, given by
where r h+ is the external horizon of the RN solution. The correct expression for the Schwarzschild solution follows from the latter when Q = 0.
, and taking into account that [6] 
it follows that the sign of C Q is given by that of D, and any possible divergence in C Q must arise from a zero of D.
In fact, using Eqns. (8) and (14), it follows that a necessary condition for D = 0 is
For completeness, we also give the expression of C Q in terms of M(r) and its derivatives evaluated at r h ,
We shall present next the plots of C Q for several analytic SSS black hole solutions corresponding to different NLEM theories, along with an analysis of the position of the external horizon in each case.
A. Born-Infeld black hole
The properties of this singular solution have been discussed in several articles (see for instance [8, 10, 13, 21] ). The Born-Infeld Lagrangian is given by
With the metric element given by Eq.(4), the black hole geometry is determined by the function [21] where R ≡ br, q ≡ bQ, and m ≡ M b, and b has units of [length] −1 . In order to use Eqn. (12) to calculate C q , the radius of the (external) horizon is needed. This is the value R h such that g 00 (R h ) = 0. The plots in Fig.1 show the values of R h for different values of the parameters. Depending on the value of the mass, for q < q min = 0.5, there may be one or no horizon, while for q ≥ q min there may be two, one, or no horizons [41] . The plots also show that for R h >> q, R h ≈ 2m, as can be seen from Eq. (17) .
The expression for C q for the electrically charged Born-Infeld black hole can be computed from Eqn. (12) . The result is Fig.2 shows the plots of C q as a function of m for two different values of q. They show a divergence that resembles that of the RN black hole, and reduce to the Schwarzschild's case in the limit R h >> q, as can be checked from Eqn.(18).
B. Nonsingular solutions
In this section, we shall consider two solutions that are different from the one analyzed in the previous section at least in two respects: (a) they are non-singular, and (b) the parameter which measures the gravitational mass of the point sources of the electromagnetic field (namely, the integration constant k in Eq. (5)) is zero, in spite of the fact that these geometries approach asymptotically a RN-like solution. This latter fact is due to the emergence of an effective electromagnetic mass M EM , defined in terms of the asymptotic behavior of the related gravitation field (see for instance [51] ) in such a way that, as we shall see below, M EM ∝ Q 3/2 . 
Bronnikov solution
This is a static, spherically symmetric and nonsingular magnetic black hole solution derived in [12] , for a theory with Lagrangian given by
where a is a parameter [42] . The relevant metric function is given by
and the effective electromagnetic mass for this geometry is
The solution behaves as a black hole or as a soliton depending on the value of the parameter ξ = 
where R h ≡ r h /M . The radius of the external horizon in terms of ξ is shown in Fig.3 . It tends to 2M for large values of ξ. The expression for the specific heat follows from Eqn. (12):
and is plotted as a function of ξ in Fig.4 . The plot displays a divergence similar to that of the RN solution, and we have verified that it tends to C (Schw) Q for large ξ, as can be seen from Eqn. (23) . 
C. Dymnikova solution
The regular, static and spherically symmetric geometry studied in [17] has a nonzero electric field described by the Lagrangian
where F = −2Q 
and it goes to a RN-like metric at infinity, as in the previous case. The parameter β given by
discriminates between a regular electrically charged black hole and a self-gravitating particle-like structure. A singlehorizon black hole is described by β = β 0 ≈ 2.82, while the solution with two horizons has β > β 0 [44] . The position of the horizon(s) is given by
where R h ≡ r h /µ, and µ ≡ 4M/π. The variation of the radius of the external horizon with β is plotted in Fig.5 . The plot shows that the solution tends to the Scharzschild black hole for large β. The expression for the specific heat is in this case
and is plotted as a function of β in Fig.6 . The RN-like divergence is again present. We have verified that the plot of C Q tends to C 
III. STABILITY ACCORDING TO THE POINCARÈ METHOD
We shall analyze next the stability of the black hole configurations of the previous sections following the Poincarè method. Let us start by giving a short summary of it, following the presentation in [2] . The Poincarè method of stability succeeds in showing the existence of unstable modes from the properties of the equilibrium sequence alone, without the need of analyzing the Hessian of the system. Let M be the configuration space of the system under scrutiny, and X a point in M. The set of independent thermodynamical variables that specify the ensemble shall be denoted by {µ i }, and S will be the corresponding Massieu function. The equilibrium states are defined as the points in M that are extrema of S under displacements dX for which dµ i = 0. At any such point, the conjugate thermodynamical variables β i are defined by dS = β i dµ i (29) for all dX. The set of equilibrium points form a submanifold in M, referred to as M eq , each point of which can be labelled by the corresponding set of values {µ i }. The maximum entropy postulate states that unconstrained locally stable equilibrium points take place at points in M eq in which S is a local maximum with respect to arbitrary variations dX in M that preserve dµ i = 0. The fundamental relation S eq = S(µ i ) can be obtained from Eq. (29), and then
are the equations of state, which give the value of the conjugate variables at equilibrium. The starting point of the Poincarè method is the fact that the maximum entropy postulate refers to the behaviour of S along off-equilibrium states, not about its variation on M eq . In other words, the function S eq is not related to local stability without assuming additivity. To inquiry about local stability, an extended Massieu functionŜ is needed, such that it gives the behaviour of S near the equilibrium states. AlthoughŜ is generally unknown, information about it (and hence about stability) can be obtained with the Poincarè method by using only the equilibrium equations of state. We shall give here the recipe that is to be used to identify changes in stability (for the proof of the method see [28, 48, 58, 59] ): a change of stability happens when the plot of a conjugacy diagram β a (µ a ) (for fixed a) along the equilibrium series has a vertical tangent (thus showing a turning point) . In other words, a turning point necessarily implies instability, without any other assumptions [45] .
Next we shall apply the turning point method to the three static and spherically symmetric black hole solutions with a nonlinear electromagnetic field as a source presented above. In the solutions under scrutiny there are two pairs of conjugate parameters that are of interest regarding stability. These are (M, β M ) and (Q, β Q ). From the first law of black hole mechanics,
where the electric potential Φ at the horizon is given by
. It follows from these expressions that the corresponding plots should display divergencies in the case of an extremal black hole (for which T = 0 [46] ). We shall see below that this is the case.
We shall try first to keep the stability analysis general. Hence, no commitment to a specific form of L will be adopted. In the case of (M, β M ), although we do not have the fundamental relation, the symmetries of the solution allow the calculation of ∂M ∂βM and of the second derivative for an arbitrary Lagrangian, much in the same way as the C Q was calculated. The results are:
(32) From these expressions we see that the plot of M against β M cannot have extrema for κ h = 0. Hence, there are no turning points in the (β M , M ) plane (we shall see below that the plots for the Born-Infeld black hole confirm this assertion). It is also seen that ∂βM ∂M diverges for the extremal case. Note that these are general statements, in the sense that they are valid for any charged black hole with the assumed symmetries.
We can proceed in a similar way with the pair of conjugate variables (Q, β Q ). The charge of the black hole is given by [53] 
where The integral may be calculated over any closed 2-surface enclosing the charge and is independent of the particular surface chosen. In the case of an electric charge, and choosing the horizon as the surface, we get
which follows also from Eqn. (3) . Since the calculation of β Q = −8π
is carried out at fixed M , the rhs is a function of r h . It follows that
Hence,
To have a turning point, it is necessary that ∂Q ∂r h
= 0. In the case of the R-N black hole, Q = M 2 − (r h − M ) 2 , and the necessary condition is satisfied only in the extremal case, r h = M . To examine other black hole solutions, the equation
= 0 should be solved numerically, and the sign of the second derivative should be calculated at the zero of the first derivative. In the next sections we will take an alternative road, which consists in directly plotting β Q for the black hole solutions presented in the previous sections. As in the previous pair of conjugate variables, ∂βQ ∂Q diverges for the extremal case.
Born-Infeld black hole
We have analitically shown above that there are no turning points in the (M, β M ) plane for any L(F ). The plots in Fig.7 for the Born-Infeld solution are in agreement with this assertion, and display the divergence mentioned above for the extremal black hole. For the plot of β Q = −8π
as a function of Q, the electric potential and the surface gravity are needed. They are given by Hence, it follows from the Poincarè method that no changes of stability are possible in this solution. Since this geometry reduces in the case Q = 0 to Schwarschild's solution (which is stable [60] ), our result indicates that the solution is stable (if no bifurcations are present).
We shall present next the plots of β Q as a function of Q for the two nonsingular solutions mentioned above.
Bronnikov solution
As discussed in the begining of this section, we need only to examine the behaviour in terms of Q of the function β Q . The necessary quantities for this calculation are the magnetic potential and the surface gravity, given by
The plot of β Q as a function of Q shows no turning points, and the divergence corresponding to the extremal case. Since this solution reduces to that of Schwarzschild for large values of ξ, it follows that it is stable (if no bifurcations are present). 
Dymnikova solution
The relevant quantities for the examination of the function β Q are the electric potential and the surface gravity, respectively given by
The dependence of β Q with Q (displaying the divergence for the extremal black hole) is shown in Fig.10 . As in the previous case, the solution is stable (if no bifurcations are present), since it reduces to the Schwarzschild black hole for large β.
IV. COMPARISON OF THE DIFFERENT METHODS
In this section we compare the results obtained via thermodynamics with those that follow from the dynamics of gravitational perturbations [37] . We have shown that in the three cases examined there is a divergence in the plots of the specific heat at constant charge, as in the RN solution. While this divergence has been taken as an indication of thermodynamical instability, our results obtained using the Poincarè method showed that the Born-Infeld, Bronnikov, and Dymnikova black holes are stable, assuming in all cases that no bifurcations are present.
The results obtained via thermodynamics can be compared to those coming from a dynamical analysis. The dynamical stability of the Born-Infeld black hole under gravitational perturbations has been established in [18] . While we are not aware of any calculation about the dynamical stability of the two the regular solutions considered here, a general analysis of the dynamical stability of SSS black holes with NLEM as a source has been presented in [35] . As a result, sufficient conditions for dynamical stability were given. In the magnetic case they establish that, if L > 0, L y > 0, L yy > 0, and 3L y > yg 00 L yy , the solution is stable, where y = Q m F/2. All these conditions are satisfied by Bronnikov's solution in the allowed range of parameters, hence it is dynamically stable.
For the electric case, it is convenient to work in the so-called P frame of nonlinear electrodynamics (see for instance [55] ). In this case, the sufficient stability conditions given in [35] read H < 0, H x < 0, H xx < 0, and 3H x ≤ xg 00 H xx , where x = −2Q 2 e P . For Dymnikova's solution,
and it follows that the solution is dynamically stable when the allowed range of parameters is considered.
V. CONCLUSIONS
We derived an expression for the specific heat at constant charge valid for any charged SSS black hole. The C Q displays, in the three cases examined, a divergence reminiscent of that of the RN solution. As a byproduct, plots of the radius of the horizon(s) with the relevant parameters of the three solutions considered were obtained. We also studied the thermodynamical stability using the Poincarè method. Our results for the diagrams of the conjugate variables show that no instability is present, as is also the case in the RN solution. In particular, we have shown that no turning point is possible in the (β M , M ) plane for any charged SSS black hole.
We have also compared our results with those coming from studies of dynamical stability. Both the Born-Infeld black hole and the regular solutions are dynamically stable. The absence of turning points for these solutions might be a hint to the fact that for charged SSS black holes, dynamical stability may be equivalent to thermodynamical stability [38] , as was shown in [26] for vacuum black holes in General Relativity. This issue deserves further investigation.
Regarding the nonsingular solutions, it must be noted that their chararacter seems to change through the addition of gravitational mass, since the coefficient k in Eqn.(5) becomes different from zero. As long as the term 2M grav /r in this equation remains small, the radius of the horizons (and hence the thermodynamics) will not be very different from the results obtained here. The opposite case, as well as the change in the solution, warrants a closer examination, that will be taken elsewhere.
